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Abstract
We study the high-frequency limiting shear viscosity, η∞, of colloidal suspensions of uncharged
porous particles. An individual particle is modeled as a uniformly porous sphere with the in-
ternal solvent flow described by the Debye-Bueche-Brinkman equation. A precise hydrodynamic
multipole method with a full account of many-particle hydrodynamic interactions encoded in the
hydromultipole program extended to porous particles, is used to calculate η∞ as function of
porosity and concentration. The second-order virial expansion for η∞ is derived, and its range of
applicability assessed. The simulation results are used to test the validity of generalized Stokes-
Einstein relations between η∞ and various short-time diffusion coefficients, and to quantify the
accuracy of a simplifying cell model calculation of η∞. An easy-to-use generalized Saitoˆ formula
for η∞ is presented which provides a good description of its porosity and concentration dependence.
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Introduction
Suspensions of solvent-permeable colloidal particles are frequently encountered in colloid
science, and are therefore the subject of ongoing research. Experimentally studied examples
include thermosensitive microgel particles [1], soft giant micelles [2], and spherical core-shell
particles consisting of a dry, solid core and an outer porous layer formed by a grated polymer
brush [3]. The calculation of rheological and diffusion transport properties for porous particle
systems is difficult since one has to deal with many-particle hydrodynamic interactions (HIs)
mediated by the solvent flow outside and inside the particles. This is the reason why most
theoretical work on dense suspensions was restricted so far to non-porous particles.
In this letter, we report on a detailed simulation study of the low-shear, high-frequency
limiting shear viscosity, η∞, of a system of uniformly porous, non-overlapping spheres, as a
function of particle volume fraction φ and porosity k. Our study covers the complete fluid-
phase concentration regime, and the whole range of particle porosities. The virial expansion
of η∞ up to quadratic order in φ is derived for various porosities, and its range of applicability
is assessed. We show that the porosity and concentration dependence of η∞ is well described
by an easy-to-use generalized Saitoˆ formula [4], and we point to the limited accuracy of a
recent analytic cell model calculation [5]. Furthermore, we explore the validity of generalized
Stokes-Einstein (GSE) relations between η∞ and various short-time diffusion coefficients,
including the translational self-diffusion coefficient Ds, the sedimentation coefficient, K,
and the cage diffusion coefficient D(qm). These short-time diffusion properties have been
additionally explored by us in a recent simulation study [6, 7]. It is shown in the following
that the considered GSE relations are of limited use only.
Model and simulation method
We describe the creeping solvent flow outside and inside a sphere of radius a and uniform
porosity k by the Stokes and Debye-Bueche-Brinkman (DBB) [8, 9] equations, respectively,
η0∇2v(r)− η0κ2 [v(r)− ui(r)]χ(r)−∇p(r) = 0
∇ · v(r) = 0 . (1)
Here, v and p are the fluid velocity and the pressure fields, and κ−1 =
√
k is the hydrody-
namic penetration depth. The characteristic function, χ(r), is non-zero and equal to one
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for r inside an arbitrary sphere i only. The skeleton of the sphere moves rigidly according
to ui(r) = Ui + ωi × (r−Ri), with the translational and rotational velocities Ui and ωi,
respectively. To determine η∞ and other transport properties, requires to solve the flow
equations inside and outside the spheres, with the boundary conditions that v and the
solvent stress change continuously across the sphere surfaces. The DBB equation for the
intra-particle flow applies when the mean pore size, δ ∝ κ−1, of the skeleton is sufficiently
smaller than the particle radius a, i.e., when the dimensionless inverse penetration depth,
x = κa, is sufficiently large (i.e., x ≥ 5). In the zero-penetration limit x→∞, hard spheres
with stick surface boundary conditions are described. The model of homogeneously porous
spheres is fully characterized by x and the volume fraction φ = 4pia3n/3, dependent on the
particle radius a and the particle-number concentration n.
We have calculated η∞ to high precision using a hydrodynamic multipole method cor-
rected for lubrication [12–15], encoded in the hydromultipole program package. The
hydrodynamic structure of the particles enters into the hydromultipole code through a
single-particle friction operator only, whose form is known for a variety of particle mod-
els with different internal hydrodynamic structures [12, 16]. The details of our simulation
method are given elsewhere [6]. The transport coefficients discussed in this letter have
been obtained from equilibrium configuration averages over typically N = 256 particles in
a periodically replicated cubic simulation box, with the hydrodynamic multipole order L
truncated usually at L = 3. To gain high-precision data, an extrapolation procedure to
L→∞ has been applied. A finite system size extrapolation formula to the thermodynamic
limit N →∞ by Ladd [17] was used to calculate the diffusion properties in [7]. As pointed
out already by Ladd [17], the simulated values for η∞ are not critically dependent on finite
size scaling. The remaining error in η∞ and in the diffusion coefficients has been reduced in
this way to less than 1%.
The high-frequency viscosity linearly relates the average deviatoric suspension stress in
an isotropic system to the applied high-frequency oscillatory rate of strain. In the linear
response regime of low shear considered here, η∞ is determined by the equilibrium particle
distribution of the unsheared system. The statistical mechanical expression for η∞ is [18]
η∞ = η0 +
1
10V
〈 N∑
i,j=1
µddij,αββα
〉pbc
(2)
where Cartesian components of a 3 × 3 × 3 × 3 dipole-dipole mobility matrix µddij linearly
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relate the symmetric hydrodynamic force dipole moments acting on the surface of sphere
i to the rate of strain applied to sphere j, and the summation with respect to α and β is
included in Eq. (2). The generalized self- and distinct mobility matrices, µddij , are evaluated
from the multipole expansion method (see, e.g., [4, 18, 19]). The average, 〈...〉pbc, is taken
over random equilibrium configurations of N spheres in the basic simulation cell of volume
V , with periodic boundary conditions.
We point out here that the high-frequency limiting viscosity η∞ is influenced by excluded
volume interactions only through the equilibrium averaging. The extensive analysis of the
influence of different types of interactions, i.e. direct and hydrodynamic ones, is discussed
elsewhere [20].
The high-frequency viscosity should be distinguished from the static or zero-frequency
viscosity, η = η∞ + ∆η, which has an additional contribution, ∆η > 0, arising from the
time-integrated relaxation of the shear-distorted particles microstructure. The so-called
relaxation term ∆η depends both on direct and hydrodynamic interactions. It is similar to
the collision viscosity contribution in an atomic fluid. For the latter, however, there is no
solvent and hence no hydrodynamic interactions.
Two-body hydrodynamics
At a small volume fraction, the suspension viscosity η∞ can be expanded in a virial series
as [4]
η∞(x, φ) = η0
(
1 + [η] φ+ kH [η]
2 φ2 +O(φ3)) , (3)
where η0 is the solvent viscosity. Moreover,
[η] =
5
2
Ωv(x) =
5
2
(
G(x)
1 + 10G(x)/x2
)
, (4)
with the function G(x) = 1+ 3/x2− 3 coth(x)/x, is the intrinsic viscosity of porous spheres
first derived in [9]. Eq. (4) generalizes Einstein’s result for the intrinsic viscosity of non-
porous spheres to porous ones. The original Einstein’s result, [η] = 5/2, is reproduced here
in the limit x → ∞. The function Ωv(x) = (aeff/a)3 is the ratio of the intrinsic viscosities
of non-porous and porous spheres. It is sometimes used to define a porosity-dependent,
effective hard-sphere diameter, aeff(x) < a, with the associated effective volume fraction
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φeff(x) = φΩv(x) = (2/5)[η]φ [10, 11]. The Huggins coefficient, kH , is determined by two-
body hydrodynamic contributions using the method described in Ref. [20]. For non-porous
hard spheres, Batchelor and Green [21] obtained kH [η]
2 = 5.2, an approximate value that
was improved in later work by Cichocki and Felderhof [22] to the high-precision result of
5.00. The Huggins coefficient for porous spheres has not been evaluated so far. Therefore,
Table I includes our calculated values for the Huggins coefficient as a function of x.
TABLE I: The Huggins coefficient kH and the second virial coefficient kH [η]2 as functions of x.
x 5 10 20 30 50 100 ∞
kH 0.53205 0.62703 0.70191 0.73231 0.75872 0.77957 0.80037
kH [η]2 0.61607 1.8139 3.0918 3.6610 4.1693 4.5783 5.0023
Simulation results
Fig. 1 includes our simulation results for the concentration dependence of η∞/η0, for the
indicated values of x. Porosity allows the fluid to flow through the particles. The extra stress
and viscous dissipation in the fluid caused by the particles is thus smaller at larger porosity.
As a consequence, η∞ decreases with increasing porosity (decreasing x). The decrease of the
viscosity with increasing porosity is quite substantial at larger φ. The influence of porosity
on η∞ should be easily detectable experimentally. For example, in a suspension of particles
at φ = 0.35 with a typical mean porosity of x ≈ 30 [3], η∞ is about 30% lower than at zero
porosity.
Our results for η∞/η0 are in agreement with those of Mo and Sangani [23] in the more
restricted range of x ≤ 20 values considered in their study. For porous particles with
x ≤ 20, the largest differences between their values and our findings, detected at higher
volume fractions, are of the order of 1%. Slightly larger differences are expected for larger
values of x. In the limiting case of x = ∞, i.e. for hard non-porous spheres, and φ = 0.35
and 0.45, the results given in Ref. [23] underestimate the values of η∞/η0 by 6% and 4%,
respectively. This inaccuracy is caused by the small number, N = 16, of particles in the
basic simulation cell; N = 16 is too low to reproduce the correct equilibrium correlations.
However, our viscosity data for the special case of non-porous spheres agree well with earlier
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force multipole simulation results by Ladd [17], who investigated larger numbers of particles
in the periodic cell, N ≤ 108 , and with the accelerated Stokesian dynamics simulation data
by Sierou and Brady [24] and Banchio and Na¨gele [25].
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FIG. 1: High-frequency viscosity, η∞/η0, for different porosities (x = ∞ corresponds to non-
porous hard spheres). Simulation results (symbols) are connected by solid lines (splines) to guide
the eye. Top: Comparison with the generalized Saitoˆ expression, Eqs. (5)-(6) (dashed-dotted lines).
Bottom: Comparison with the second-order viral expansion in Eq. (3) (dashed lines).
Using our results for kH(x), we can obtain an approximate analytic expression for η∞,
valid at larger φ, from the generalized Saitoˆ formula [4]
η∞/η0 = 1 + [η]φ
1 + S
1− 2
5
[η]φ(1 + S)
, (5)
which expresses η∞ in terms of the intrinsic viscosity [η] and a function S(x, φ). A micro-
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scopic expression for S has been derived in [4]. Since S is more amenable to a low-density
approximation than η∞, we equate the first-order concentration expansions of Eqs. (5) and
(3). This leads to a useful approximation for S by
S =
(
kH − 2
5
)
[η]φ, (6)
in terms of the one-body and two-body properties [η] and kH , respectively, which depend
only on x.
Fig. 1 includes additionally the viscosity prediction by our generalized Saitoˆ formula in
Eqs. (5-6) for the full range φ ≤ 0.45, with [η] according to Eq. (4) and the values for kH(x)
taken from table I. The overall agreement with the simulation data is good, in particular
at very small and very large values of x; Eqs. (5) and (6) describe the high-frequency
viscosity of porous spheres quite well. At intermediate values of x and large φ, the viscosity
is somewhat overestimated. That the generalized Saitoˆ formula is more useful than the
direct 2nd-order virial expansion, for the same input [η] and kH , can be clearly noticed from
Fig. 1 (bottom). The simulation data for φ > 0.2 are well-described by the 2nd-order virial
form only for a large porosity (i.e., small value of x). This can be explained by the weakening
of the strength of the HIs with increasing porosity, which is most pronounced regarding the
three-body and higher-order hydrodynamic contributions [26].
5 10 20 30 50 1001
3
5
7
9
11
13
15
x
η ∞
/η
0
 
 
φ=0.15
φ=0.35
φ=0.45
FIG. 2: High-frequency viscosity, η∞/η0, as a function of the inverse hydrodynamic penetration
depth x. Comparison of the simulation results (symbols connected by splines) with the spherical
cell model prediction from [5] (dashed lines). Each color corresponds to a different volume fraction.
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We proceed by comparing our simulation data for η∞ with approximate spherical cell
model calculation results. Quite recently, Ohshima derived an explicit analytic cell model
expression for the high-frequency viscosity of uncharged porous spheres as a function of φ
and x (see his Eq. (51) in [5], with x identified as λa). Spherical cell model calculations are
frequently used to this date to predict the primary electroviscous effect on the high-frequency
viscosity in non-dilute suspensions of charged porous [27] and non-porous [28] spheres with
weakly overlapping electric double layers. In the cell model, the complicated hydrodynamic
and electrokinetic influence by the (microion-dressed) colloidal spheres surrounding a central
one, is accounted for in a very crude way through the concentration dependence, R =
aφ−1/3, of the outer boundary radius R, and the specified outer boundary conditions. This
strong simplification allows for an analytic solution for η∞(x, φ). The accuracy of Ohshima’s
expression for η∞ is examined in Fig. 2. It is exact to first order in φ only. At larger φ where
inter-particle correlations come into play, Ohshima’s expression strongly overestimates the
high-frequency viscosity, and this overestimation is most pronounced at lower porosity. The
comparison with our simulation data indicates that the fluid-like inter-particle correlations
neglected in the cell model should play a decisive role also for charged colloidal spheres.
Generalized Stokes-Einstein relations
In recent related work [6, 7], we have calculated the short-time diffusion properties of sus-
pensions of homogeneously porous spheres using the hydromultipole simulation method.
All the diffusion coefficients studied in our earlier work are related to the short-time diffusion
function,
D(q) = D0H(q)/S(q) , (7)
measurable as a function of the scattering wavenumber q in a dynamic scattering experiment
[25]. The diffusion function is equal to the ratio of the hydrodynamic function, H(q),
and the equilibrium static structure factor, S(q), multiplied by the diffusion coefficient,
D0(x), of a single porous sphere [29]. The function H(q) encodes the influence of HIs on
short-time diffusion. In the limit of q → ∞, H(q) is equal to the normalized short-time
self-diffusion coefficient, Ds/D0. At q → 0, H(q) reduces to the sedimentation coefficient
K = U/U0, where U is the mean sedimentation velocity of a homogeneous suspension of
weakly sedimenting porous particles, with U0 denoting the velocity at infinite dilution. The
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cage diffusion coefficient, D(qm), characterizes short-time diffusive motion on a length scale
∼ 2pi/qm, comparable to the nearest neighbor shell distance. At the wavenumber qm, S(q)
attains its principal maximum. Our simulation results for H(q), and the associated diffusion
and sedimentation coefficients Ds, D(qm) and K have been thoroughly discussed in [6, 7].
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FIG. 3: Test of three generalized Stokes-Einstein (GSE) relations for the high-frequency viscosity
η∞/η0 multiplied by the sedimentation coefficient K, normalized self-diffusion coefficient Ds/D0,
and normalized cage diffusion coefficient D(qm)/D0, respectively. Top: For larger φ, GSE scaling
does not apply to K and hardly so to Ds/D0. Bottom: GSE scaling is approximately valid for
D(qm)/D0, with an accuracy better than 10% up to φ ≈ 0.3.
We are here in the position to analyze, for the case of uniformly porous particles, the
relation between η∞ and the diffusion and sedimentation coefficients Ds, D(qm) and K,
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respectively. Specifically, we test here the validity of the following three GSE relations
D(x, φ)
D0(x)
· η∞(x, φ)
η0
≈ 1 , (8)
with D given by D=Ds, D=D(qm) or D=D0K, respectively. These relations are exact at
φ = 0 only. If a GSE relation were valid to decent accuracy at non-zero φ, it would be quite
useful from an experimental viewpoint, since the viscosity could be determined then more
easily in a scattering experiment.
In Fig. 3, the validity of the GSE relations is examined for different values of x, with
the simulation data for Ds, D(qm) and K taken from our previous study [6]. A valid GSE
relation is reflected by a horizontal curve of unit distance above the concentration axis. For
larger φ and all considered porosities, the GSE scaling in Eq. (8) does not apply for K,
and it performs only a little better for Ds/D0. Notice here that the product Dsη∞ is well
approximated, for all φ, by its first-order in φ expansion, reflected by the straight lines in
Fig. 3 (top part). Interestingly enough, Kη∞ is only moderately porosity dependent for
x ≥ 10, and for φ no larger than 0.35.
Contrary to Ds and K, GSE scaling for the cage diffusion coefficient is approximately
satisfied (see Fig. 3, bottom part), with an accuracy better than 10% up to φ ≈ 0.3. Thus,
for systems of electrically neutral (porous) particles where the amount of colloidal material
is too low or too expensive to perform a mechanical rheological experiment, one can infer η∞
approximately but straightforwardly from a standard scattering experiment measurement
of D(qm) using a first cumulant analysis [34].
The violation of the GSE relations for K and Ds, and its only moderate accuracy for
D(qm), reflect the different physical mechanisms underlying sedimentation, self-diffusion
and cage diffusion, for non-zero concentrations when HIs are active. In [25], a short-time
GSE analysis similar to the present one was made for non-porous, charged colloidal spheres
at low-salt conditions. For charged spheres, the GSE relation for D(qm) was found to be
strongly violated. This illustrates the general observation that the (approximate) validity
of a GSE relation depends strongly on the range and character of the particle interactions.
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Summary and outlook
In summary, using the precise simulation method encoded in the hydromultipole pro-
gram, we have studied the porosity and concentration dependence of η∞, a quantity routinely
measured, e.g., using a torsional resonator viscometer operated at a small applied stress am-
plitude [30–33]. The second-order virial expansion for η∞ was derived by taking two-body
HIs into account. It was used to derive a generalized and easy-to-use Saitoˆ expression which
describes the viscosity simulation data quite well. Precise values of the Huggins coefficient
kH(x), which is the only non-trivial input in the generalized Saitoˆ expression, are given in
table I for an extended, representative set of porosity values. The influence of porosity on η∞
is found to be significant at larger concentrations, so that it can be detected experimentally.
The accuracy of various short-time generalized Stokes-Einstein relations, and of a cell
model expression for η∞ have been tested. It was shown that the cell model gives a rather
poor prediction for the (high-frequency) viscosity of non-dilute systems. This is an important
finding since the spherical cell model is frequently used to this day to study the primary
electroviscous effect on the (high-frequency) viscosity in concentrated suspensions of porous
and non-porous charged particles. Moreover, we have shown that using the GSE relation
between η∞ and D(qm), one can infer approximately the η∞ of neutral, porous spheres
from the measurement of D(qm). The latter can be conveniently measured in a short-time
dynamic scattering experiment. This is useful when the sample is too small in volume to
perform a direct rheological measurement.
Finally, we emphasize that short-time transport properties are interesting not only in
their own right. Their knowledge is also indispensable for a better understanding of the
suspension dynamics at long times [34].
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